Introduction
where F (n) denotes the n th fibonacci number. There is no known closed-form expression for this limit, but its value is known to be approximately 2.5353... < 3+ √ 5 2 .
Construction
Our function f will be based upon a fibonacci numeration system. We refer the reader to Fraenkel [1] , from which many of our results regarding numeration systems are based. Let u i = F (2i) ∀i ≥ 1. Note that u 1 = 1 and u i < u i+1 ∀i ≥ 1. We can therefore consider the numeration system S = {u i } ∞ i=1 .
Theorem 3.1. Any a ≥ 0 has a unique representation of the form a = ∞ i=1 d i F (2(i + 1)) where 0 ≤ d i ≤ 2 and if i < j, d i = 2 = d j , then ∃l, i < l < j, such that d l = 0.
Proof. If n = 0 then d i = 0 ∀i is a unique representation satisfying the required property. For n > 0, this theorem is a special case of Theorem 2 of [1] as follows: First note that, given any n > 0, F (2n) = 2F (2n − 2) + n−2 i=1 F (2i) + 1. So take u 0 = 1, u i = 0 ∀i < 0, b 1 = 2, and b i = 1 ∀i > 1. Then if we take m = n + 1, we get
Theorem 2 of [1] then gives us that for any i,j satisfying 0
then d i−1 < 2 (n.b. Theorem 2 of [1] numbers digits starting with index 0, whereas we start with index 1). This is equivalent to the condition in our theorem.
We say L(a) is the level of a. Notation. Given x ∈ {0, 1, 2}
* we say that x is a valid derivation (or just valid) if x does not contain a subword of the form 21 * 2.
, and x ∈ {0, 1, 2} k a valid derivation, we shall write
. If x is a valid derivation then there exists an a satisfying a ≡ x by Theorem 3.1
Proof. This is a property of numeration systems of the type given in Theorem 3.1. See Fraenkel [1].
Notation. Let r i = u −1 i ∀i ≥ 1. Remark 3.3. Note that r i > 0 ∀i ≥ 1, and
We are now ready to construct our function. Define f :
Remark 3.4. The open problem technically requires a function g : N → R ≥0 . We can modify our function trivially to fit this requirement by setting g(a) = f (a − 1). Note that if the properties required by the open problem hold for f then they will also hold for g, so we can safely ignore this issue.
Preliminary Results
Before proving that f satisfies the properties we required, we shall need a series of technical lemmas regarding fibonacci numbers. First recall Catalan's Identity:
Lemma 4.1. Let r, k be an integers such that 0 ≤ r < k. Then
iff k + r is even, with equality occuring iff r ∈ {1, 2}.
2 − 1 with equality occuring iff r = 1 or r = 2. Suppose instead that k + r is odd. By (5),
If n − k = t > 0 and we assume the result is true whenever n − k < t, then
by induction.
Proof. By induction on n − k. Suppose first that n = k. Note that
By Lemma 4.1. This proves the base case. Suppose now n − k = l > 0 and the result is true whenever n − k < l. Using induction, we have
As in the base case.
Proof. By induction on n − k. If n = k + 1, the claim becomes
By Lemma 4.1 as required.
If we suppose n − k > 1, then by induction we get
Remark 4.1. We now move on to a more substatial result. Recall that property 3.2 gives us a simple test for the order of two numbers a and b based upon their digits in our numeration system S. We wish to develop a similar test for the order of f (a) and f (b). In particular, we shall prove the following theorem.
and suppose first that z is a valid derivation. Take p such that p ≡ z. We then have
have a prefix of the form y21 * 2 which contradicts x's validity. Thus
Suppose that z is not a valid derivation. Then y1 t 21 k−t−1 is not valid for any 0 ≤ t < k. Let
Then z ′ is a valid derivation. Take
, completing the proof.
Main Theorem
We now prove our claims about the constructed function f .
Proof. Let n = max{L(a), L(b)}. We proceed by induction on n. The result is vacuously true for n = 0. For the inductive step, suppose the result is true for n − 1. Choose any b satisfying the requirements of the theorem. Now choose a value of a satisfying the requirements of the theorem that maximizes the value of f (a)+ 1 |b−a| . To prove the theorem, it is sufficient to show that
Suppose x a , x b ∈ {0, 1, 2} n satisfy a ≡ x a and b ≡ x b . Let y be the longest common prefix of x a and x b , and let k = |y| + 1 ≤ n. Since f (b) > f (a) we must have that
by Lemma 4.10. Note that this implies that L(b) ≥ k. Since x a is a valid derivation, y must be valid as well. Let c be the non-negative integer satisfying c ≡ y.
We now prove an aside that will be very useful in this proof. 
and |d − a| + |b − d| = |b − a|
and hence |b − d| < |b − a|
But we then have
which contradicts the maximality of f (a) + 1 |b−a| .
The idea for this proof is to use Lemma 5.2 to eliminate all but a few possible values for x a and x b . If, given x a and x b , we can find a valid x d ∈ {0, 1, 2} n such that (where r i ∈ {0, 1, 2} and w i , z i ∈ {0, 1, 2} * ) (i) x a = w 1 r 1 z 1 and x d = w 2 r 2 z 1 with r 2 > r 1
(ii) x b = w 3 r 3 z 2 and x d = w 4 r 4 z 2 with r 3 < r 4
(iii) x a = z 3 r 5 w 5 , x b = z 4 r 6 w 6 , and x d = z 3 r 7 w 7 = z 4 r 8 w 8 with r 5 < r 7 and r 6 > r 8 (or r 5 > r 7 and r 6 < r 8 )
then taking d ≡ z we arrive at a contradiction via Proposition 3.2, Lemma 4.10 and Lemma 5.2. For example, if we had n = 4, x a = 1112, and x b = 2110 then we could take d ≡ 1211 to arrive at a contradiction. For the remainder of this proof, taking d ≡ x d will be considered shorthand for this contradiction argument. We now proceed by cases based on the values of L(a) and L(b).
k w 2 2 for some w 1 , w 2 ∈ {0, 1, 2} * . In either case, take d ≡ yd a k w 1 0 n−t−2 10 to cause a contradiction. We conclude that this case cannot be satisfied.
That is, x b ends in 1 or 2 and x a ends in 10 or 20. First, suppose n = k. Then either x b = y1 or x b = y2. We must also have x a = y0, i.e. a = c. If
And if
So in either case (20) holds as required. Now suppose n = k + 1. Then x a = y10 and x b = y21. But then take d ≡ y20 for contradiction. So we can assume n > k + 1. We proceed via a series of claims.
n−k−1 1 to cause a contradiction.
, 2}, and w ∈ {0, 1, 2}
Claim 5.3. x a is of one of the following forms:
Proof. We simply exhaust all other possibilities. p, q, r refer to arbitrary non-negative integers and w i refer to arbitrary strings in {0, 1, 2}
q 01 r 1w0 So by exhaustion the claim is true.
Claim 5.3 can be rewriteen as ∃j, k < j < n, such that
and hence
Note that if n = k+2 we take j = k+1.
It is sufficient to show that
Which is Corollary 4.3.
We now have So by exhaustion the claim is true.
Proof. By claims 5.5, 5.6, and 5.7 this is equivalent to
which is Corollary 4.4.
But now
as required. 
and
(by Corollary 4.1) We can now suppose that k < n − 2, so x b = yd b k wr0 for some w ∈ {0, 1, 2} * , r ∈ {0, 1, 2}.
But now we have
WLOG suppose that b was chosen to minimize f (b), subject to the conditions (40) and
Contradicting the minimality of f (b).
So, in all cases, condition (20) holds. This concludes the proof of the theorem.
Proof. Choose n ∈ N and suppose max L(i)≤n f (i) is acheived at a. Then for all b = a with L(b) ≤ n we must have f (b) ≤ f (a), so by Theorem 4.10 there must exist some j, 0 ≤ j ≤ n such that d n−1 . We must therefore have a ≡ 21 n−1 . Then
We conclude that max L(a)≤n {f (a)} = r 1 + n i=1
Now it is well known that F (2n + 2) F (2n) > φ 2 for all n ≥ 1
and F (2) = 1 = φ 0 , so it follows that F (2n) > (φ 2 ) n−1 for all n ≥ 1 (47)
We therefore have
for all n ≥ 1. We conclude that 
as required.
Future Work
We believe that our supremum of 1 + ∞ n=1 1 F (2n) is optimal, but this has not yet been proved. We do, however, put forth the following conjecture which would imply the opimality of our limit. 
and this bound is the smallest possible.
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